Introduction
The coupled model of a beam resting on a Winkler foundation under moving loads has been widely studied in various applications, especially in railway engineering. In the literature, various beam models such as Euler-Bernoulli beam [2] or Timoshenko beam [3] When taking into account the nonlinear effects, numerical procedures such as the finite element analysis (FEA) should be used. For nonlinear dynamic structures under moving loads, a transient analysis should be performed where the load varies both with time and space. Consequently, using FEA for moving load problems requires larger meshes than for fixed load problems [6] [7] .
Especially for resolving high velocity problems (e.g., the supersonic cases), the number of elements required for computation becomes very important. In order to overcome this inconvenience, an alternative approach has been proposed Email addresses: vuhieu.nguyen@ponts.org (Vu-Hieu Nguyen),
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in which the dynamic equations are reformulated in a moving reference frame which goes with the load's position by using a variable transformation [8] . The advantage of this approach is that it requires smaller finite element meshes as the load is fixed in the moving coordinates. However, it has been noticed that when the speed of the load reaches the critical velocity, the stiffness matrix formulated in the moving coordinates becomes ill-conditioned because of an important convected term which occurs from the variable transformation (this convected term depends on the speed of the load and on the mass of the structure) [1] [9] . In the previous paper [1] , we have proposed a novel finite Taking into account the gravity force, the equation of motion of this system is written as
where w(x, t) denotes the vertical displacement of a point x at instant t;ẇ and w denote respectively the first-and the second-order derivatives of w with respect to time (i.e. velocity and acceleration); w (4) denotes the fourth-order derivative of w with respect to x; g is a constant denoting the gravitational acceleration; δ denotes the Dirac's delta function.
Since only the stationary solution of (Eq. 1) is interested in this paper, a transform of this problem into the moving coordinates is suggested. However, due to the numerical difficulties associated with the supersonic load (see [1] ), the direct variable transformation (x * := x − vt) will not be used. Instead, another technique will be proposed in the next section.
Dynamic equation in moving coordinates
This section presents a procedure to establish and to resolve (Eq. 1) in the moving coordinates. The function w(x, t) is firstly separated into two independent components, of which one depends only on the load's position (x − vt) and the other depends only on time (t). Next, a time discretized equation of the first component will be formulated by using the generalized-α method [10] .
Then, a variable transformation will be applied to this time-discretized equation to obtain a dynamic equation in moving coordinates by assembling the components in time and in space. The finite element formulation can finally be established based on the last equation.
Variable separation
Assume that the solution w(x, t) has the form:
where the function w v depends only on the load's position (x − vt) and the function w t depends only on time. Hence, the first-and second derivatives of w(x, t) are given by:
Substitution of (Eq. 3) and (Eq. 4) into (Eq. 1) leads to an equation of w v :
where:
Time discretized equation of w v
Using the generalized-α method [11] , (Eq. 5) may be expressed in the discretized form as
where 
where α m , α f are two constants.
Using the Newmark scheme, w v (n+1) andẇ v (n+1) can be expressed in the approximative form as
where β 1 , β 2 are two integration parameters and ∆t := t n+1 − t n denotes the time step size.
Substitution of (Eqs. 13-18) into (Eq. 12) leads to the following discretized equation at t n+1
Variables transformation
At the time step t n+1 , we take a variable transformation x * = x − vt n+1 . Since in moving coordinates, the function w * v (w * v := w v (x − vt n+1 )) in the steady state no longer depends on time, we have the relations:
Applying these relations (Eqs. 29-32) into (Eq. 19) yields
in which the indexes "n + 1" and " * " have been omitted for simplifying purposes.
Variable assembly
We note that the coefficientsÃ 1 ,Ã 2 ,B 1 ,B 2 ,B 3 ,B 4 can be also expressed as
where the coefficients A i (i = 1 ÷ 4), B j (j = 1 ÷ 8) depend on the structural parameters and are given in Appendix A. Now using the variable assembly
one can eliminate the terms related to w t in the expressions ofÃ 1 ,Ã 2 ,B 1 ,B 2 , B 3 ,B 4 and then, express the approximative equation in the moving coordinates as
This represents a dynamic equation of w(x, t) and of w(x + v∆t) wherein the load's position is now fixed. Next, we formulate the finite element discretization for this equation.
Numerical implementation

Dynamic finite element equation in moving coordinates
with the boundary condition assumption:
The variational formulation of (Eq. 41) may be expressed as Find w(x, t) : W → R × T such as ∀δw ∈ δW :
where W and δW are the collections of the trial solutions and of the weighting solutions, respectively; the notation < ., . > Ω is defined by:
The boundary conditions are already taken into account in this variational formulation.
Performing the discretisation of (Eq. 42), one can obtain the dynamic finite element equation in the classical form
where M, C, K denote respectively the global mass, damping and stiffness matrices; w(t),ẇ(t),ẅ(t) denote respectively the global nodal displacement, velocity and acceleration vectors; F(t) denotes the exterior nodal force vector.
This presents a system of differential equations with given initial conditions that may be solved by using direct time integration algorithms, e.g., classical implicit Newmark scheme [7, 12] or the advanced scheme when including nonlinearities [11, 13, 14] .
Using a vector of interpolation function N(x), one can formulate explicitly the elementary matrices M e , C e , K e and the force vector F e of element e in [x i , x i+1 ] as follows:
where . Hermite's interpolation function [12] that is appropriate to the Euler-Bernoulli beam assumption can be used.
Remark 1 In linear cases, analytical formulations of the elementary matrices can be expressed explicitly (see [15] ). Otherwise, for nonlinear structures, numerical quadratures by Gauss points should be used to compute these matrices.
Remark 2 If the load amplitude is constant, velocity and acceleration terms in moving coordinates should be zeros and one can check that (Eq. 43) is reduced to the static equation form
Parameter choices
Assuming that the beam is discretized into elements with equal lengths, parameter studies show that the best approximation is obtained with the following values of the α m , α f , β 1 , β 2 , ∆t: α m = 0.25, α f = 0.5, β 1 = 0.5, β 2 = 0.5, ∆t = h/v where h denotes the size of an element. The error when using these parameters is estimated by second order function of element size h as follows:
These values of parameters will be used for all numerical examples in the following section.
Absorbing boundary condition
When simulating the wave propagation in infinite structures by using FEM with the usual finite boundary conditions, the modeled size must be sufficiently large in order to insure that the outgoing waves are totally attenuated before arriving at the boundaries. To reduce the mesh size without disturbing the solution due to the reflected wave from the boundaries, one may add artificial boundaries to absorb all outgoing energies.
For this problem, we propose adding at two ends of the beam two layers in which viscous damping is introduced in a manner that all incident waves should be absorbed. Denoting the depth of each layer with δ, the viscous damping introduced in this layer is assumed to be a function of x (Fig. A. 2):
where η, γ are two constant parameters chosen so that:
(1) the damping in the absorbing layer should be sufficiently important so that the outgoing waves can be attenuated in this layer, and (2) the evolution of the damping along this layer absorbing layer should be sufficiently smooth so that there is no reflection waves caused by the suddenly damping changes. It may be checked that the absorbing layers allow to attenuate perfectly the waves propagating away from the load's position and, hence, the solution in the interested zone is in good agreement with the analytical one [2] . When the system has no damping, the numerical solution obtained without using absorbing layers is completely incorrect (see the dashed curve in Fig. A.3 ) due to the reflected waves from the fixed boundaries.
Validation
Example 1: Linear cases
The proposed formulations will be firstly validated with a linear problem in which analytical solutions are available for all velocities and frequencies of the load (see e.g [2] or [8] ). As the structure is linear, using the transformation technique show that the critical values of the velocity (v 0 ), of the frequency (Ω 0 ) and of the damping (η 0 ) depend on the structural characteristics [2] as The sizes of the absorbing layers used for each case are given in the Table A. 1.
Moreover, the displacement solutions in front of the load position (x > 0) has higher frequencies than those in the subsonic cases, so denser meshes are required for obtaining correct results.
We depict also the displacements at point x = 0 versus time in the harmonic load cases to verify the fact that the stationary state may be obtained after Also, the well-known Doppler effect can be clearly observed in these figures, especially in the supersonic cases.
Example 2: nonlinear cases
This example considers a weak nonlinear elastic foundation problem by assuming that the reaction force of the foundation R(w) is a cubic polynomial function of the vertical displacement of the beam (Fig. A.10 ): Table A. 1. In order to ensure the numerical stability, which is more difficult to obtain for nonlinear dynamic problems, we have used the α-generalized method [12] for the direct time integration (Eq. 
Conclusion
In this paper, a numerical approach has been presented for studying dynamic responses of an infinite Euler-Bernoulli beam posed on a nonlinear Winkler foundation in a moving reference frame. In principle, one can apply a variable transformation to establish the problem in moving coordinates. In the moving coordinates, the stiffness matrix is modified to take into account the convective component that derived from the variable transformation. However, higher velocities of loads make the convective component more important, and cause the stiffness matrix to be ill-conditioned. When using the proposed approach to establish the finite element formulation, the convective component is moved partly out of the diagonal of the stiffness matrix. As a consequence, the system could be well-conditioned even when the load moves at supersonic velocities.
The proposed formulation in moving co-ordinates greatly reduces the volume 
